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CHAPTER 1: A DEFINITION OF CAUSAL EFFECTS

CONTENTS
1.1 Individual causal effects

1.2 Average causal effects
1.3 Measures of causal effect

1.4 Random variability

1.5 Causation versus association

Purpose of Chapter 1:

“

. Is to introduce mathematical notation that formalizes the
causal intuition that you already possess.”
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CHAPTER 1.1: INDIVIDUAL CAUSAL EFFECTS

Some notation
e Dichotomous treatment variable: A (1: treated; 0: untreated)
e Dichotomous outcome variable: Y (1: death; 0: survival)

o Y?=/: Qutcome under treatment a =i, i € {0,1}.

DEFINITION

Causal effect for an individual: Treatment A has a causal effect if

Ya:l 3& Ya=0 .
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CHAPTER 1.1: INDIVIDUAL CAUSAL EFFECTS

EXAMPLES

o Zeus: Y371 =1+#£0= Y30 — treatment has causal effect.

e Hera: Y2=1 = Y2=0 — 0 — treatment has no causal effect.

DEFINITION
Consistency: If A; = a, then Y7 = YA =Y. }

Important:

o Y20 and Y?=1 are counterfactual outcomes.
@ Only one can be observed, i.e., only one is factual.

@ Hence, in general, individual effects cannot be identified.
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CHAPTER 1.2: AVERAGE CAUSAL EFFECTS

AN EXAMPLE: ZEUS’S EXTENDED FAMILY

Ya:O Yazl Ya:0 Yafl
Rheia 0 1 Leto 0 1
Kronos 1 0 Ares 1 1
Demeter 0 0 Athena 1 1
Hades 0 0 Hephaestus 0 1
Hestia 0 0 Aphrodite 0 1
Poseidon 1 0 Cyclope 0 1
Hera 0 0 Persephone 1 1
Zeus 0 1 Hermes 1 0
Artemis 1 1 Hebe 1 0
Apollo 1 0 Dionysus 1 0
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CHAPTER 1.2: AVERAGE CAUSAL EFFECTS

DEFINITION
Average causal effect is present if

Pr(Yo=' =1) # Pr(Y*=° =1).
More generally (nondichotomous outcomes):

E(Y?71) £ E(Y™0).

Example:
No average causal effect in Zeus's family:

Pr(Y*=! =1) = Pr(Y*=% = 1) = 10/20 = 0.5.
That does not imply the absence of individual effects.
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FINE POINTS

Fine point 1.1: Interference between subjects
@ Present if outcome depends on other subjects’ treatment value.
o Implies that Y;? is not well defined.

e Book assumes “stable-unit-treatment-value assumption (SUTVA)"
(Rubin 1980)

Fine point 1.2: Multiple versions of treatment
o Different versions of treatment could exist.
o Implies that Y7 is not well defined.

@ Authors assume “treatment variation irrelevance throughout this
book.”
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CHAPTER 1.3: MEASURES OF CAUSAL EFFECT

REPRESENTATIONS OF THE causal null hypothesis

Pr(Y>1=1)—Pr(Y>®=1)=0  (Causal risk difference)
Pr(Ya=l =1) _ .
m =1 (Causal risk ratio)
Pr(Y?=! =1)/Pr(Y?=! = 0) _

=1 I
Pr(Y2=0 = 1)/Pr(Y2=0 = 0) (Causal odds ratio)

The effect measures quantify the possible causal effect on different scales.
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CHAPTER 1.4: RANDOM VARIABILITY

SAMPLES: TWO SOURCES OF RANDOM ERROR
e Sampling variability:
We only dispose of Pr(Y®=1 = 1) and Pr(Y2=0 = 1). Statistical
procedures are necessary to test the causal null hypothesis.
e Nondeterministic counterfactuals:
Counterfactual outcomes Y?=1 and Y= may not be fixed, but
rather stochastic.

“Thus statistics is necessary in causal inference to quantify
random error from sampling variability, nondeterministic
counterfactuals, or both. However, for pedagogic reasons, we will
continue to largely ignore statistical issues until Chapter 10.”
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CHAPTER 1.5: CAUSATION VERSUS ASSOCIATION

A “REAL WORLD” EXAMPLE

A Y A Y A Y
Rheia 0 O Zeus 1 1 Aphrodite 1 1
Kronos 0 1 Artemis 0 1 Cyclope 1 1
Demeter 0 O Apollo 0 1 Persephone 1 1
Hades 0 O Leto 0 0 Hermes 1 0
Hestia 1 0 Ares 1 1 Hebe 1 0
Poseidon 1 0 Athena 1 1 Dionysus 1 0
Hera 1 0 Hephaestus 1 1

Pr(Y =1|A=1) =7/13 = 0.54,

Pr(Y =1|A=0) =3/7 =0.43.
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CHAPTER 1.5: CAUSATION VERSUS ASSOCIATION

Association measures

Pr(Y =1A=1)-Pr(Y =1A=0) (Associational risk difference)
Pr(Y =1|A=1
P:EY — 1:A — ; (Associational risk ratio)
Pr(Y = 1|JA=1)/Pr(Y = 0]A = 1) - .

A tional odds rat
Pr(Y = 1/A = 0)/Pr(Y = 0JA=0) (Associational odds ratio)

If Pr(Y =1]A=1) =Pr(Y =1|A=0), then A][Y (A, Y independent).

Example: ARD = 0.54 — 0.43 = 0.11, ARR = 0.54/0.43 = 1.26.
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CHAPTER 1.5: CAUSATION VERSUS ASSOCIATION

Pr(Y = 1|A=1) is a conditional, Pr(Y? = 1) an unconditional probability.

Population of interest

Treated Untreated
Causation Association
Vs. vs. D
E[Yat] E[Y2-0] E[Y]A = 1] E[Y|A = 0]

FIGURE : Association-causation difference

Chapter 1 (Hernan & Robins) Definition of causal effect 27" November, 2013

12 /13



CHAPTER 1.5: CAUSATION VERSUS ASSOCIATION

Concluding question:

“The question is then under which conditions real world data can
be used for causal inference.”

CONTINUARA. ..
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